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Approximation of Pi 
according to the method of Archimedes

(in the form of Christian Wolff) 
Archimedes of Syracuse, approx. 287-212 BC 
Christian Freiherr von Wolff, approx. 1679-1754 AD 

Reference: Ziegenbalg: Algorithmen von Hammurapi bis Gödel, 4. Auflage,
    Springer-Spektrum, Wiesbaden 2016, section 3.2.3

Using symbolic and rational arithmetic  1 

(verbose) true

verbose : true;              /*   control variable for printout */  (%i1) 

Pi_Archimedes_Wolff(s) := 
  block([r:1, se, su, ue, uu, i, n:3], 
    se : sqrt(3),          /*  initial values  */    
    ue : 3 * se,           /*  start with triangle  */
    su : 2 * sqrt(3), 
    uu : 3 * su, 
    if verbose then print(n, "   ", ue/2, "   ", uu/2, "   ", se*se), 
    for i : 1 step 1 thru s do 
      (n  : n * 2, 
       se : fullratsimp(r*sqrt(2-2*sqrt(1-(se/(2*r))*(se/(2*r))))), 
       ue : n * se, 
       su : fullratsimp(se / sqrt(1 - (se/(2*r)) * (se/(2*r)) ) ), 
       uu : n * su, 
       if verbose then print(i, n, ue/2, uu/2, se*se) ),      
    (ue/2+uu/2)/2 ) $ ;  

(%i2)
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Pi_Archimedes_Wolff(5);(%i3)

Using floating point arithmetic   2 

Pi_Archimedes_Wolff_floating_point(s) := 
        /* in this version computation is done in floating point mode */ 
        /* mind the "catastrophic cancellation" (in German:  "Subtraktionskatastrophe") */  
  block([r:1, se, su, ue, uu, i, n:3], 
    se : float(sqrt(3)),          /* initial values             */    
    ue : 3 * se,                    /* for the "triangle"-polygon */
    su : 2 * float(sqrt(3)), 
    uu : 3 * su, 
    print( 0, n, ue/2, uu/2, se*se), 
    for i : 1 step 1 thru s do 
      (n  : n * 2, 
       se : r*sqrt(2-2*sqrt(1-(se/(2*r))*(se/(2*r)))), 
       ue : n * se, 
       su : se / sqrt(1 - (se/(2*r)) * (se/(2*r)) ), 
       uu : n * su, 
       printf(true, "~2d ~10d ~23,20h ~23,20h ~43,40h ~%", 
                      i, n, ue/2, uu/2, se*se) ), 
    (ue/2+uu/2)/2 ) $ ; 

(%i4)
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0  3  2.598076211353316  5.196152422706632  3.0  
 1          6  3.00000000000000000000  3.46410161513775400000  0.9999999999999998000000000000000000000000 
 2         12  3.10582854123025000000  3.21539030917347300000  0.2679491924311228000000000000000000000000 
 3         24  3.13262861328123700000  3.15965994209749900000  0.0681483474218633800000000000000000000000 
 4         48  3.13935020304687200000  3.14608621513144000000  0.0171102772523792300000000000000000000000 
 5         96  3.14103195089053000000  3.14271459964538800000  0.0042821535227930420000000000000000000000 
 6        192  3.14145247228534400000  3.14187304997970600000  0.0010708250472686310000000000000000000000 
 7        384  3.14155760791162200000  3.14166274705661300000  0.0002677241808763941000000000000000000000 
 8        768  3.14158389214893600000  3.14161017660530700000  0.0000669321651978194000000000000000000000 
 9       1536  3.14159046323676200000  3.14159703433023800000  0.0000167331112987945100000000000000000000 
10       3072  3.14159210604304800000  3.14159374881512800000  0.0000041832821997545010000000000000000000 
11       6144  3.14159251658815500000  3.14159292728109500000  0.0000010458208232755340000000000000000000 
12      12288  3.14159261864078900000  3.14159272131401900000  0.0000002614552228052958000000000000000000 
13      24576  3.14159264532121600000  3.14159267098952300000  0.0000000653638068115469800000000000000000 
14      49152  3.14159264532121600000  3.14159265173829300000  0.0000000163409517028867400000000000000000 
15      98304  3.14159264532121600000  3.14159264692548500000  0.0000000040852379257216860000000000000000 
16     196608  3.14159264532121600000  3.14159264572228400000  0.0000000010213094814304220000000000000000 
17     393216  3.14159366984942700000  3.14159366994969400000  0.0000000002553275368910590000000000000000 
18     786432  3.14159230381173800000  3.14159230383680500000  0.0000000000638318287116135400000000000000 
19    1572864  3.14160869622480400000  3.14160869623107100000  0.0000000000159581237113570800000000000000 
20    3145728  3.14158683965504100000  3.14158683965660800000  0.0000000000039894754166880380000000000000 
21    6291456  3.14167426502175800000  3.14167426502214900000  0.0000000000009974243653232404000000000000 
22   12582912  3.14167426502175800000  3.14167426502185500000  0.0000000000002493560913308101000000000000 
23   25165824  3.14307274017004000000  3.14307274017006400000  0.0000000000000623945339839338100000000000 
24   50331648  3.15980616494113500000  3.15980616494114000000  0.0000000000000157651669496772200000000000 
25  100663296  3.18198051533946400000  3.18198051533946600000  0.0000000000000039968028886505630000000000 
26  201326592  3.35410196624968500000  3.35410196624968600000  0.0000000000000011102230246251570000000000 
27  402653184  4.24264068711928600000  4.24264068711928600000  0.0000000000000004440892098500627000000000 
28  805306368  6.00000000000000000000  6.00000000000000000000  0.0000000000000002220446049250313000000000 
29 1610612736  0.00000000000000000000  0.00000000000000000000  0.0000000000000000000000000000000000000000 
30 3221225472  0.00000000000000000000  0.00000000000000000000  0.0000000000000000000000000000000000000000 

(%o5) 0.0

Pi_Archimedes_Wolff_floating_point(30);(%i5)

Using bigfloat arithmetic   3 
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 Pi_Archimedes_Wolff_bigfloat(s) := 
  /* in this version all computation is done in bigfloat mode */ 
  block([r:1, se, su, ue, uu, i, n:3], 
    se : bfloat(sqrt(3)),  /* initial values             */    
    ue : bfloat(3 * se),   /* for the "triangle"-polygon */
    su : bfloat(2 * sqrt(3)), 
    uu : bfloat(3 * su), 
    printf(true, "~2d ~10d ~23,20h ~23,20h ~43,40h ~%", 
                      0, n, ue/2, uu/2, se*se),
    for i : 1 step 1 thru s do 
      (n  : bfloat(n * 2), 
       se : bfloat(r*sqrt(2-2*sqrt(1-(se/(2*r))*(se/(2*r))))), 
       ue : bfloat(n * se), 
       su : bfloat(se / sqrt(1 - (se/(2*r)) * (se/(2*r)))), 
       uu : bfloat(n * su), 
       printf(true, "~2d ~10d ~23,20h ~23,20h ~43,40h ~%", 
                      i, n, ue/2, uu/2, se*se) ), 
       /* in printf:  ~2d :  print as integer, 2 places, right-justified  
                  ~23,20h :  print as decimal right-justified,   
                                 23 places altogether, 20 places after the decimal point */  
    bfloat(0.5*(0.5*ue+0.5*uu)) ) $ ;

(%i6)

(%o7)                                ascii

set_display(ascii)  ;(%i7)

(%o8)                                 100

fpprec : 100;(%i8)
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 0          3  2.59807621135331594029  5.19615242270663188058  3.0000000000000000000000000000000000000000 
 1          6  3.00000000000000000000  3.46410161513775458705  1.0000000000000000000000000000000000000000 
 2         12  3.10582854123024914819  3.21539030917347247767  0.2679491924311227064725536584941276330572 
 3         24  3.13262861328123819716  3.15965994209750048332  0.0681483474218634265005136005422052647322 
 4         48  3.13935020304686720714  3.14608621513143497110  0.0171102772523791777108849461428742574445 
 5         96  3.14103195089050963811  3.14271459964536829817  0.0042821535227929865238604174544447909363 
 6        192  3.14145247228546207545  3.14187304997982387175  0.0010708250472687111403271075142801082327 
 7        384  3.14155760791185764552  3.14166274705684852622  0.0002677241808764342745057018797999560931 
 8        768  3.14158389214831840867  3.14161017660468953876  0.0000669321651977930847923788417217752599 
 9       1536  3.14159046322805009574  3.14159703432152615199  0.0000167331112987017048827588623305835874 
10       3072  3.14159210599927155054  3.14159374877135202798  0.0000041832821996379166725513462990597603 
11       6144  3.14159251669215744759  3.14159292738509703355  0.0000010458208233447778035250719718444089 
12      12288  3.14159261936538395519  3.14159272203861381834  0.0000002614552229259028496896567653060443 
13      24576  3.14159264503369089667  3.14159267070199804788  0.0000000653638067995825222557017840157505 
14      49152  3.14159265145076765170  3.14159265786784441984  0.0000000163409517666523067239397320493123 
15      98304  3.14159265305503684169  3.14159265465930603250  0.0000000040852379458353689495082292340554 
16     196608  3.14159265345610413926  3.14159265385717143689  0.0000000010213094867196105042929258747731 
17     393216  3.14159265355637096366  3.14159265365663778806  0.0000000002553273716962006427575539189664 
18     786432  3.14159265358143766976  3.14159265360650437586  0.0000000000638318429250687867321911432724 
19    1572864  3.14159265358770434629  3.14159265359397102281  0.0000000000159579607313308608107234602636 
20    3145728  3.14159265358927101542  3.14159265359083768455  0.0000000000039894901828366942106606026559 
21    6291456  3.14159265358966268270  3.14159265359005434998  0.0000000000009973725457094222406638843874 
22   12582912  3.14159265358976059952  3.14159265358985851634  0.0000000000002493431364273711031658919565 
23   25165824  3.14159265358978507873  3.14159265358980955793  0.0000000000000623357841068437472289680429 
24   50331648  3.14159265358979119853  3.14159265358979731833  0.0000000000000155839460267109975220854516 
25  100663296  3.14159265358979272848  3.14159265358979425843  0.0000000000000038959865066777531751990779 
26  201326592  3.14159265358979311097  3.14159265358979349345  0.0000000000000009739966266694385309671267 
27  402653184  3.14159265358979320659  3.14159265358979330221  0.0000000000000002434991566673596475647415 
28  805306368  3.14159265358979323049  3.14159265358979325440  0.0000000000000000608747891668399128176204 
29 1610612736  3.14159265358979323647  3.14159265358979324245  0.0000000000000000152186972917099782623073 
30 3221225472  3.14159265358979323796  3.14159265358979323946  0.0000000000000000038046743229274945691957 
(%o9) 3.1415926535897932387116587354088932507378172984748889136071465797400625\
79202276354287359651925891787b0

Pi_Archimedes_Wolff_bigfloat(30);(%i9)


